We derive and assess the sharpness of analytic upper bounds for the instantaneous growth rate and finite-time amplification of palinstrophy in solutions of the twodimensional incompressible Navier-Stokes equations. A family of optimal solenoidal fields parametrized by initial values for the Reynolds number Re and palinstrophy P which maximize dP/dt is constructed by numerically solving suitable optimization problems for a wide range of Re and P, providing numerical evidence for the sharpness of the analytic estimate dP/dt ≤ a + b √ ln Re + c P 3/2 with respect to both Re and P. This family of instantaneously optimal fields is then used as initial data in fully resolved direct numerical simulations and the time evolution of different relevant norms is carefully monitored as the palinstrophy is transiently amplified before decaying. The peak values of the palinstrophy produced by these initial data, i.e., sup t>0 P(t), are observed to scale with the magnitude of the initial palinstrophy P(0) in accord with the corresponding a priori estimate. Implications of these findings for the question of finite-time singularity formation in the three-dimensional incompressible Navier-Stokes equation are discussed.
Introduction
Energy methods are among the most popular techniques used in the mathematical analysis of evolutionary partial differential equations. At their core these methods rely on the existence of bounds for a norm Q-an "energy" that is not necessarily related to a physical energythat provides relevant information about the magnitude and regularity (smoothness) of solutions. The idea is to derive bounds on the growth rate dQ/dt from the equations of motion utilizing rigorous functional estimates and, given initial data with finite norm Q(0), to subsequently control Q(t) for t > 0 via methods of ordinary differential (in)equations. In some cases this kind of energy analysis can establish that Q(t) remains finite-sometimes even uniformly bounded-for all t > 0 while in others it can only show that that Q(t) is finite for all time if Q(0) is sufficiently small. And in some situations all that can be proved is that Q(t) < ∞ during a finite time interval whose length depends on Q(0). Among the many well-known examples amenable to such analysis are the incompressible Navier-Stokes equations.
In the case of unforced flows on the d-dimensional torus (T d ), for example, the L 2 norm of the velocity vector field-proportional to the square root of the kinetic energy-decays monotonically due to viscous dissipation so it is bounded uniformly in time by its initial value. Other norms may grow, however, and their amplification reflects aspects of the cascade processes that characterize much of the complexity of nonlinear fluid mechanics.
In spatial dimension d = 3 the enstrophy-the square of the H 1 semi-norm of the velocity, which is the same as the L 2 norm squared of the vorticity-can be amplified by vortex stretching. Analysis establishes that the growth rate of enstrophy is a bounded function of the enstrophy, but the resulting differential (in)equations only ensure that the enstrophy remains bounded forever if the initial data is sufficiently small-in particular if the product of the initial kinetic energy and enstrophy is sufficiently small; see, for example, [3] . That is, the possibility of finite-time singularities is not ruled out by energy analysis. The enstrophy corresponds to a particularly relevant norm in this problem because limits on the H 1 semi-norm of the velocity can be "bootstrapped" to bounds on norms of higher derivatives establishing infinite differentiability of the solutions while the enstrophy remains finite. On the other hand divergent upper bounds on enstrophy do not guarantee divergent solutions and no "blow-up" has been demonstrated to date. Hence the question of long-time existence of smooth solutions of the three-dimensional (3-D) incompressible Navier-Stokes equations remains one of the grand challenges for mathematical physics.
Much more is known about solutions of the two-dimensional (2-D) Navier-Stokes equations. In the case of unforced flows on T 2 both the L 2 norm and the H 1 semi-norm of solutions (i.e., both the kinetic energy and the enstrophy) decay monotonically in time while the H 2 semi-norm of the velocity field-which is the same H 1 semi-norm of the pseudoscalar vorticity field, the square of which is known as the palinstrophy-can be amplified by a vorticity gradient stretching mechanism. Energy methods can be used to show that the palinstrophy of solutions of 2-D incompressible Navier-Stokes equations remains finite for all time and there are no potential finite-time singularities. Moreover, energy methods can be used to derive rigorous upper limits on the peak palinstrophy as a function of the norms of the initial data.
In this paper we investigate the quantitative accuracy of palinstrophy amplification bounds in order to evaluate the practical predictive power of energy method analysis. We consider the incompressible 2-D Navier-Stokes equation, written here as an evolution equation for the vorticity ω, on spatial domain Ω = T 2 (the L × L square with periodic boundary conditions):
where u is the velocity field, ν is the kinematic viscosity, and the velocity and the vorticity are related via
. We are interested in the time evolution of the the energy, enstrophy and palinstrophy defined here, respectively, as
The temporal evolution of of K, E and P are given by
defining, in the last line, the palinstrophy generation rate functional R{u(·, t)}. We are focused on the question of the sharpness of rigorous analytic bounds on the instantaneous and finite-time growth of palinstrophy, the only quantity from (2) with nonmonotonic temporal dynamics. This is of interest because the functional analysis techniques used to derive the estimates rely only on the structure of the palinstrophy generation rate functional and fundamental relations between norms and not specifically on the physics associated to the problem at hand, making this study relevant to other partial differential equations.
Dimensional analysis requires that bounds on the instantaneous rate of palinstrophy generation, R{u(·, t)} = dP/dt as a function of the instantaneous energy, enstrophy, palinstrophy, viscosity ν and domain length scale L-if such bounds exist at all-must be of the form
where the prefactor Γ is a dimensionless function of dimensionless combinations of the energy, enstrophy, palinstrophy, viscosity and system size. An estimate of this form (4) will be declared sharp if and only if
where the maximum is over the set S of all spatially periodic divergence-free vector fields with energy, enstrophy and palinstrophy values K, E and P on the L × L square. Thus the sharpness of such estimates can be addressed by solving the constrained optimization problem
where the constraint manifold S can be interpreted as the intersection (in infinite-dimensional space) of spheres of given radius measured in different norms.
Given the anisotropic nature of the constraint manifold it is desirable to seek bounds and test estimates with the fewest possible number of parameters in the prefactor Γ. Moreover, if we are interested in estimates that could conceivably make sense in the infinite volume limit, i.e., if we seek optimizing flow structures and bounds that are independent of the domain scale L, then the prefactor can only be a function of the dimensionless combinations K 1/2 /ν-a ratio that is naturally referred to as the Reynolds number Re-and (KP) 1/2 /E. If we further conjecture an L-independent estimate for R{u(·, t)} whose large palinstrophy behavior is dominated non-trivally by the leading P 3/2 in (4) then the asymptotic prefactor can be a function of Re alone. That is, the prefactor would be of the form Γ(K, E, P, ν, L) = γ(Re). In fact there are rigorous upper bounds on the palinstrophy generation rate of the form R ≤ γ(Re) P 3/2 . [1] proved that R Re P 3/2 and computed optimal vector fields indicating that the 3/2 exponent for P is sharp but that the O(Re) prefactor is not sharp.
In this work we assess the sharpness of the improved estimate
for sufficiently large Re and P. It is derived in Appendix A.1. We demonstrate (1) the sharpness of the upper bound (6) and (2) the extent to which the Navier-Stokes flow starting from instantaneously optimal fields u S saturates the corresponding finite-time estimates for palinstrophy amplification
and max
That the prefactors φ and ψ depend on u and ν only via the (initial) Reynolds number Re 0 = K 1/2 (0)/ν implies in particular that the peak palinstrophy amplification factor depends on the viscosity only through its appearance in the explicit function ψ(Re 0 ). We note, however, that our study does not indicate that our estimate for ψ(Re) is sharp with respect to its Reynolds number dependence. The remainder of this manuscript is as follows. The instantaneous growth of palinstrophy and structure of the optimal vector fields is reviewed in section 2. Finite-time growth and maximal amplification of palinstrophy is studied in section 3. Section 4 contains a discussion of the results along with conclusion and closing remarks. Detailed derivation (from elementary first principles) of the improved analytic estimate on the (6) can be found in the appendix.
Instantaneously Optimal Growth of Palinstrophy
Given the dependence of analytic estimate (6) on palinstrophy P and Reynolds number Re = K 1/2 /ν, the sharpness of the estimate is addressed by numerically solving the constrained optimization problem for the objective functional R defined in (3):
where
In order to investigate the asymptotic behavior of R as P 0 → ∞, (9) is solved numerically for a wide range of values of the energy K 0 ∈ [1, 100] and some choices of P 0 ≫ K 0 /C 2 P , where C P = 1/(2π) 2 is the Poincaré constant for the unit two dimensional torus. We compute with the numerical value ν = 10 −3 for the kinematic viscosity, kept constant in all computations, allowing us to probe the dependence of the optimal rate of growth of palinstrophy for values of the Reynolds number in the range Re 0 ∈ [10 3 , 10 4 ]. For a given value of Re 0 , the value of P 0 defining the constraint manifold S K 0 ,P 0 is chosen so that the optimal vorticity field ω Re 0 ,P 0 of the optimal vector field u Re 0 ,P 0 = arg max R(u) is sufficiently localized in the computational domain, allowing for the effect of boundaries to be neglected. A family of optimal fields parametrized by their palinstrophy is then constructed by rescaling the optimal field ω Re 0 ,P 0 using the self-similar approach described in Appendix B. Details of the numerical methods for the variational problem (9) can be found in the work of [1] .
Figures 1(a) and 1(b) show the optimal vorticity fields ω Re 0 ,P 0 corresponding to values of Reynolds number Re 0 = 10 3 and Re 0 = 10 4 , respectively, for a fixed value of palinstrophy P 0 = 10 8 . In each case, the optimal vorticity field consists of a vortex quadrupole of finite area, and a localized region of strong vorticity responsible for the extreme growth of palinstrophy. The size of the optimal vortical structure, relative to the size of the domain Ω, has a positive correlation with the Reynolds number. A thorough discussion of the properties of the optimal vorticity fields, and their corresponding time evolution under 2-D Navier-Stokes dynamics can be found in [1] and [2] .
To verify the power-law behavior of the optimal instantaneous rate of production of palinstrophy and assess the sharpness of estimate 6 with respect to the exponent α = 3/2, figure 2 shows the dependence on P 0 of the compensated optimal rate of growth of palinstrophy
for different values of Reynolds number in the interval Re 0 ∈ [10 3 , 10 4 ]. The data shown here is an extension of the results reported by [1] . To streamline our discussion, we only include the portion of the data where a clear power-law behavior for R( u Re 0 ,P 0 ) is observed, corresponding to values of palinstrophy much larger than the Poincaré limit P 0 → (νRe 0 /C P ) 2 .
As expected from the fact that estimate (6) is sharp with respect to the exponent α = 3/2, figure 2 shows that the compensated optimal rate of growth of palinstrophy R Re 0 ,P 0 , which corresponds to the prefactor γ(Re), is indeed independent of palinstrophy in the limit
On the other hand, to assess the sharpness of estimate (6) with respect to the prefactor
figures 3(a) and 3(b) show the dependence of the optimal rate of growth of palinstrophy R( u Re 0 ,P 0 ) on ln Re 0 and of the compensated optimal rate of growth of palinstrophy R Re 0 ,P 0 on ln Re 0 , respectively, for three different values of palinstrophy P 0 = 4.6×10 7 , P 0 = 6.8×10 7 and P 0 = 10 8 . It can be observed in figure 3 (b) that all data points collapse into a single curve of the form γ Re 0 =ã +b ln Re 0 +c (12) 
is indeed sharp with respect to both the exponent α = 3/2 and the functional form of the prefactor γ(Re) = a + b √ ln Re + c. To complete our analysis of the optimal instantaneous growth of palinstrophy we now look at the structure of the spectrum of the optimal fields u Re 0 ,P 0 . A key step in the derivation of estimate (6) (see Appendix A.1) is the choice of cut-off wave numbers Λ 1 and Λ 2 that define the sets {|k| ≤ Λ 1 }, {Λ 1 < |k| ≤ Λ 2 } and {|k| > Λ 2 } in wavenumber space where |k|| u(k)| displays different behavior. As discussed in the appendix, the cut-off wave numbers depend on K, P and ν as
where c 1 and c 2 are dimensionless parameters. Figure 4 shows the rescaled compensated spectral density (|k|/λ 0 ) 2 S(|k|/λ 0 ) corresponding to the optimal fields u Re 0 ,P 0 for Re = 10 3 and palinstrophy values P 0 = 1.71 × 10 6 , P 0 = 1.71 × 10 7 and P 0 = 1.71 × 10 8 . The spectral density S(|k|) is computed as
and the scaling factor λ 0 is given by
The wave number λ 1 , computed as
and the wave number λ 2 defined as the solution to the equation
are shown in figure 4 as vertical lines. These wave numbers correspond to the location of local maxima of the compensated spectral density |k| 2 S(|k|). As expected from the selfsimilar construction of the optimal fields u Re 0 ,P 0 , the rescaled compensated spectral densities collapse into a single "universal" spectral density, confirming the scale-invariant nature of u Re 0 ,P 0 .
Finite-time Growth of Palinstrophy
We now focus our attention on the growth of palinstrophy P over finite time. Time integration of the sharp instantaneous estimate (6) and neglect of the time dependence of Re leads to the finite-time estimates
and , corresponding to Re = 10 3 and palinstrophy values P 0 = 1.71×10 6 , P 0 = 1.71×10 7 and P 0 = 1.71 × 10 8 . All curves collapse onto a "universal" spectral density.
where the prefactor ψ(Re 0 ) depends exclusively on the initial Reynolds number Re 0 = K 1/2 (0)/ν, and the values of a, b and c are given in (12) and obtained by the fitting procedure described in section 2. Note that although estimate (17) is time-dependent and not in the form power law, it can still be used to determine to what extent the fields saturating a sharp instantaneous estimate produce time-dependent flows which also saturate a time-dependent estimate. Also note that while (18) is an a priori estimate in the form of a power law which has been obtained from a sharp instantaneous estimate, there is no guarantee that it will be sharp with respect to either the exponent or the prefactor in the power law. The derivation of estimates (17) and (18) can be found in Appendix A.2. In order to assess the sharpness of the finite-time estimates (17) and (18), we numerically solve the Cauchy problem (1) using the instantaneously optimal vorticity fields ω Re 0 ,P 0 as initial condition, and carefully monitor the time evolution of different diagnostics, e.g. K(t), E(t) and P(t), for sufficiently long times. Time integration is performed using an adaptive Runge-Kutta scheme of order 4, and spatial discretization is performed using a pseudospectral Fourier-Galerkin method, with the standard "2/3" dealiasing rule. The resolution is increased accordingly, ranging from 512 2 for low-Re 0 , low-P 0 simulations, to 4096 2 for highRe 0 , high-P 0 simulations. We refer the reader to the work by [2] for a thorough discussion of the time evolution of the instantaneously optimal vorticity ω Re 0 ,P 0 .
The sharpness of the point-wise estimate (17) can be studied by considering the functions:
and comparing their behavior as functions of time. For this, consider the characteristic time scale t max and the characteristic palinstrophy scale ρ defined as:
t max = arg max t>0 ϕ(t) and ρ = max t≥0 ϕ(t), and the rescaled diagnostics:
and
With these definitions, the point-wise estimate (17) simply reads f (τ ) ≤ g(τ ). Figure 5 shows the dependence of f and g on the rescaled time τ = t/t max , corresponding to different values of Re ∈ [10 3 , 10 4 ] and P 0 ∈ [1.7 × 10 6 , 1.7 × 10 9 ]. As expected from the fact that the initial condition is constructed in a self-similar manner, all data collapses onto single "universal" curves for f and g. The data indicates that estimate (17) is saturated only over a short interval, as expected from the fact that the fields are optimal only in an instantaneous sense, and the optimal growth of palinstrophy can be sustained only over this short interval. On the other hand, it follows from estimate (17) that
Figure 6 included for reference as a red dashed curve. It can observed from the figure that although estimate (17) is saturated only over a short time interval, the dependence of the finite-time growth of palinstrophy on Re 0 , when compensated by the enstrophy dissipation occurring at the maximum palinstrophy time, has a behavior similar to the one predicted by estimate (21). Figure 6 (b) shows the dependence on P(0) of the compensated maximum palinstrophy
obtained from the time evolution of the optimal vorticity ω Re 0 ,P 0 , for fixed Re 0 . As expected from estimate (18), the data indicates that P max is independent of P(0), with its value depending only on the initial Reynolds number Re 0 . These results provide compelling evidence supporting the sharpness of the a priori finite-time estimate (18) with respect to P(0).
Discussion and Conclusion
We have presented numerical confirmation that the rigorous analytic estimate
is sharp in its behavior with respect to both the palinstrophy P and the Reynolds number Re. The power-law dependence on P is predicted by the self-similar analysis from Appendix B and confirmed by the data shown in Figure 2 , where the compensated optimal rate of growth of palinstrophy P −3/2 0 R( u Re 0 ,P 0 ) is plotted against P 0 . Similarly, the dependence of R( u Re 0 ,P 0 ) on Re 0 is correctly captured by the estimate although the constantsã,b andc that fit the optimal rate of growth in the least-squares sense differ from the analytic values given in appendix A.1. More careful analysis might give better constants but it is important to note that the approach used to construct the optimal fields only ensures that solutions to (9) are local maximizers: there is no guarantee that they are global maximizers of R. However, the best one can hope for in the search of any other maximizers is to improve the value of the constantsã,b andc so that optimal instantaneous production of palinstrophy matches that given by the analytic estimate.
Regarding the finite-time growth of palinstrophy, we have provided evidence supporting the sharpness of the a priori estimate
with respect to the initial palinstrophy P(0). For this, we have used the instantaneously optimal fields u Re 0 ,P 0 as initial condition in the 2-D incompressible Navier-Stokes equation, and carefully monitored the time evolution of palinstrophy. The sharpness with respect to the prefactor ψ(Re 0 ), on the other hand, is a more subtle issue and instead we looked at the point-wise estimate
This time-dependent estimate was found to be saturated by the instantaneously optimal fields u Re 0 ,P 0 only over a short time window, resulting in a sub-optimal dependence of the compensated maximum growth of palinstrophy on Re 0 . This does not mean, however, that the estimate is not sharp, as the fields u Re 0 ,P 0 are optimal only at time t = 0. A better assessment of the sharpness of the point-wise estimate (17) could be performed by solving the finite-time optimization problem:
with the constraint manifold S including only the fields which are solutions to the 2-D incompressible Navier-Stokes equation defined on the interval (0, T ). This study is, however, outside of the scope of this manuscript and it is left as an open question for subsequent work. A possible interpretation of the results presented in this manuscript is that it is possible to saturate a priori finite-time estimates using fields that saturate instantaneous estimates. Time-dependent point-wise estimates, on the other hand, are saturated only over short time intervals, rendering the finite time growth of palinstrophy obtained from instantaneously optimal fields suboptimal. This implies that in the context of 3-D Navier-Stokes equation, for which no a priori finite-time estimates for the growth of enstrophy are available and only time-dependent point-wise estimates exist, the search of solenoidal fields that are optimal for the growth of enstrophy, the key quantity controlling the regularity of solutions in 3-D, must be performed following a finite-time optimization approach where the Navier-Stokes equation is included as part of the constraint, similar to the approach described in equation (23). Although computationally intensive, this task is within reach with current available resources and it is also left as an open question for subsequent work. A Estimates for the growth of palinstrophy
A.1 Instantaneous growth of palinstrophy
From equation (3), the instantaneous rate of growth of palinstrophy dP/dt is defined as:
with u : Ω → R 2 such that ∇ · u = 0, and ω = ∂ 1 u 2 − ∂ 2 u 1 . As the quadratic form induced by ∇u only depends on its symmetric part (∇u) S := 1 2 ∇u + ∇u T and is bounded by its spectral norm |(∇u) S | σ := max{|λ 1 |, |λ 2 |}, with λ 1 and λ 2 being the two real eigenvalues of (∇u) S , it follows that:
For Ω a square of side L endowed with periodic boundary conditions, it follows that a function u : Ω → R and its gradient ∇u admit a Fourier representation of the form:
In Fourier space, the incompressibility condition ∇ · u = 0 takes the form k · u(k) = 0 for each k ∈ Z 0 \ {0}, which implies that u(k) ∈ Ck ⊥ with k ⊥ = (−k 2 , k 1 ). Together with the fact that the matrix 
Grouping the wave numbers into small, intermediate and high frequencies gives:
where the cut-off wave numbers Λ 1 and Λ 2 are yet to be determined. Each term in the righthand side of the last inequality can be upper-bounded using the Cauchy-Schwarz inequality as:
Therefore, the estimate for (∇u) S σ,∞ reads:
with the estimate in (24) leading to:
The sum −ν ∆ω 2 2 + 2 √ π ∆ω 2 P/Λ 2 of the first and last terms in the last inequality is maximal when ∆ω 2 = √ πP/(2νΛ 2 ), attaining a maximum value of πP 2 /(4νΛ 2 2 ). Thus, the estimate for dP/dt reads:
The cut-off wave numbers Λ 1 and Λ 2 can be chosen so that:
for a and b positive dimensionless numbers. For this choice of Λ 1 and Λ 2 , and the introduction of the dimensionless parameter Re = K 1/2 /ν, the estimate becomes:
A.2 Finite-time growth of palinstrophy
To obtain an a priori estimate for the finite-time growth of palinstrophy, we use the energy dissipation equation (3a), leading to K(t) ≤ K(0) for all t > 0 and, since Re = K 1/2 /ν, Re(t) ≤ Re(0) = Re 0 . It should be noted that estimate (29) holds only for values of Reynolds Re ≥ 2/ √ π, thus we expect the estimate to be valid only on the time interval where this constraint is satisfied. Using time integration of (29) gives:
where time integration of the enstrophy dissipation equation (3b) has been used. Although (30) is not an a priori estimate, i.e. given exclusively in terms of the initial data, it can still be used to determine to what extent sharp instantaneous estimates lead to sharp finitetime estimates. To obtain an a priori estimate for the maximum finite-time growth of palinstrophy one can use the fact that E(t) ≤ E(0) for all t > 0, which follows from the enstrophy dissipation equation (3b), along with the estimate E ≤ K 1/2 P 1/2 leading to
which gives the a priori finite-time estimate
where the prefactor C Re 0 depends exclusively on the initial Reynolds number Re 0 = K 1/2 (0)/ν, and
B Self-similar Optimal Fields
As discussed in section 2, we are interested in finding incompressible fields maximizing the instantaneous production of palinstrophy dP/dt. That is, we are solving the optimization problem max
Optimization problem (32) is equivalent to problem (9), except that it has been written in terms of the vorticity ω instead of the velocity field u. The energy, palinstrophy and objective functionals are given in terms of ω as:
) is the Jacobian determinant, and the streamfunction ψ and the vorticity ω satisfy the state equation:
The first-order optimality condition, i.e. the Euler-Lagrange equation for problem (32) reads:
where λ K and λ P are the Lagrange multipliers associated with the constraints defining the manifold S K 0 ,P 0 , and the corresponding variations of the functionals R, K and P with respect to variations in ω are given by: − ∆ψ * = J (∆ω, ω).
Evidence supporting the existence of optimal vorticity fieldsω K 0 ,P 0 which, for fixed energy K 0 , vary in a self-similar manner with P 0 was presented by [1] . With this numerical evidence in mind, we look for fields ω P 0 , ψ P 0 and ψ * P 0 , satisfying equation (35) and subject to the constraints K(ω P 0 ) = K 0 and P(ω P 0 ) = P 0 , of the form:
for some real parameters α, β, γ and q, and some functions Φ, Ψ and Ψ * independent of P 0 . Using these ansatz and the rescaled spatial variables y = P q 0 x, it follows that:
K(ω P 0 ) = P The objective functional can be thus evaluated for ω P 0 , yielding:
R(ω P 0 ) = −ν (∆Φ) 2 dy + J (Φ, Ψ)∆Φ dy P 0 /ν is the main subject of study of the present work.
